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The knowledge of the molecular structure of LDL, a large

lipoprotein complex, is of great interest for medical investiga-

tions. Currently available LDL crystals do not diffract to high

resolution and do not allow the application of standard

crystallographic techniques. Additional dif®culties arise

because of a very dense crystal packing and the presence of

several components with quite different mean densities.

Several ab initio phasing methods previously reported by the

authors have been successfully applied to ®nd a crystallo-

graphic image of LDL at a resolution of 27 AÊ . The most

promising results have been obtained using direct phasing

with a connectivity analysis of the electron-density maps. The

current image makes it possible to discern a single particle

covered by a layer of relatively high density that is

asymmetrically distributed on the particle surface. It shows a

partition of high and low densities inside the particle and, in

particular, strips of varying density in the lipid core.
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1. Introduction

Low-density lipoprotein (LDL) belongs to the family of

lipoproteins which are involved in the transport of lipids from

the liver to extrahepatic cells (Brown & Goldstein, 1986) and

plays a major role in the development of coronary heart

disease (Gordon et al., 1981). Knowledge of the three-

dimensional structure of this large macromolecular complex

and its components is important in order to explain the

molecular mechanisms involved in the development of

atherosclerosis. LDL is composed of a single polypeptide

chain of apolipoprotein B (apoB; about 22% of the total

mass), cholesterol (8%), cholesteryl esters (42%), triglycer-

ides (6%) and phospholipids (22%). The total particle mass is

about 2000±3000 kDa, depending on the number of associated

lipid molecules. Depending on the different lipid:protein ratio,

total LDL can be divided into different subfractions based on

the concomitant change in size and density. These subfractions

are assumed to have different atherogenic potential (Baum-

stark et al., 1994; Krauss, 1995).

ApoB is one of the largest known proteins. It has a mole-

cular weight of 550 kDa and is composed of 4536 amino-acid

residues. The primary structure of apoB is known (Yang et al.,

1986; Knott et al., 1986) and reveals a large number of long

(>70 residues) internal repeats, suggesting that the apoB

sequence was derived largely from internal duplications. The

content of secondary-structure elements for apoB is estimated

as 43% �-helix, 21% �-sheet structure, 20% random coil

structure and 16% �-turns (Chan, 1992). Immunoelectron

microscopic analysis of apoB on LDL suggests that the protein
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is extended and spans at least one hemisphere of the particle

surface (Chatterton et al., 1991, 1995). Evidence for the

accessibility of certain epitopes was derived from studies with

monoclonal antibodies (Wiklund et al., 1985; Krul et al., 1988)

and by investigating the digestion pattern of different

proteases (Chen et al., 1994). Based on the trypsin accessibility

of different residues, apoB can be divided into ®ve sub-

domains. The amino terminus, structurally homologous to the

N-terminal domains of lipovitellin and of microsomal tri-

glyceride transfer protein (Segrest et al., 1994, 1999), is

followed by four strongly amphipathic domains: two �-sheet

and two �-helical. The three-dimensional structure of lipo-

vitellin recently reported by Anderson et al. (1998) showed the

N-terminal domains to be a huge �-helical arc surrounded by

�-structural elements.

X-ray and neutron-scattering studies (Laggner & MuÈ ller,

1978; MuÈ ller et al., 1978; Luzzati et al., 1979; Laggner et al.,

1981, 1984; Baumstark et al., 1990, 1991) suggested the model

of an LDL particle to be a sphere with a diameter varying

from 180 to 240 AÊ and an approximate radial symmetry of the

electron-density distribution. The internal structure of the

particle is thought to be formed by spherical shells of different

electron density, indicating that the neutral lipids, mainly

cholesteryl esters, are arranged in the core of the particle

surrounded by an electron-dense surface layer consisting of a

monolayer of phospholipids, free cholesterol and the protein.

It was concluded that apoB covers approximately 50% of the

particle surface (Baumstark et al., 1990).

Electron-microscopy studies have been performed by

several groups. By freeze-etching electron microscopy Gulik-

Krzywicki et al. (1979) reported the LDL structure as being a

pseudo-spherical particle with several symmetrically arranged

bumps at the surface. More details were revealed by electron

cryomicroscopy. van Antwerpen et al. (1997) showed a series

of comparative images of LDL in different states and

suggested a discoidal model. In a recent paper using electron

cryomicroscopy followed by three-dimensional reconstruc-

tion, Orlova et al. (1999) gave a quite detailed model nomin-

ally at 27 AÊ . Beyond the biochemical problems, the major

dif®culties in these studies were caused by the highly

symmetrical shape of the particle and resulted in eventual

ambiguities in the identi®cation and interpretation of experi-

mental electron-microscopy images.

Conditions for three-dimensional crystallization of LDL

have been reported previously (Prassl et al., 1996; Ritter et al.,

1997). However, no crystallographic analysis has so far been

reported in order to obtain the three-dimensional image of

LDL. Two major prerequisites had to be met in order to

undertake such an analysis. Firstly, complete native low-

resolution data had to be available (Ritter et al., 1999);

secondly, a suitable method for the solution of the phase

problem had to be found. A promising approach was to solve

the phase problem by new direct-phasing methods at low

resolution (Lunin, Lunina et al., 2000; Lunin, Podjarny et al.,

2000). Previous low-resolution studies explicitly or implicitly

used a two-component low-resolution model to approximate

the compartments occupied by protein and bulk solvent. In

the LDL crystals, however, components with an electron

density higher than the bulk solvent (protein and phospholipid

head groups) and lower than the bulk solvent (fatty acids) are

present. Therefore, for the ®rst time, a three-component low-

resolution model had to be introduced to adequately describe

the electron-density distribution. The results of applying low-

resolution direct-phasing methods, both previously developed

ones and those specially updated for the LDL case, are

presented in this paper.

2. Crystallization and data collection

Human LDL subfraction LDL-2 (density 1.031±1.034 g mlÿ1)

was crystallized as reported previously (Ritter et al., 1997).

Crystals were grown at 290 K, which is well below the

temperature of the phase transition of the cholesterol ester

core of the LDL particle between an ordered and a disordered

state (Deckelbaum et al., 1977). Native data sets from LDL-2

crystals were collected within a resolution range of 300±27 AÊ

under cryogenic conditions using a special beamstop and a

helium tunnel to allow collection of the lowest order re¯ec-

tions (Ritter et al., 1999) at beamline ID14 EH3 (ESRF,

Grenoble). Indexing and integration of the data sets was

performed using XDS (Kabsch, 1993). The LDL crystals are

not well ordered. A number of re¯ections can be measured to

15 AÊ resolution; however, owing to a strong diffraction

anisotropy the ef®cient resolution of the measured diffraction

data set is only approximately 27 AÊ . Data reduction was

optimized in order to obtain as high a data coverage as

possible, resulting in a data set that has all re¯ections at the

low-resolution end (Tables 1 and 2). The space group is most

probably C2, with unit-cell parameters a = 183, b = 421,

c = 385 AÊ , � =  = 90�, � ' 90� (one LDL particle per

asymmetric unit); however, owing to the absence of higher

resolution re¯ections, the choice of the space group is not

unambiguous and the data can possibly be reduced in space

groups C222 and C2221 (half an LDL particle per asymmetric

unit).

3. The analysis of possible particle packing for the
orthorhombic space groups

As mentioned above, the intensity statistics are compatible

with both the monoclinic group C2 and the orthorhombic

space groups C222 and C2221. This section discusses the

possible particle packing for orthorhombic groups. Small-

angle X-ray and neutron scattering and electron-microscopy

studies suggest that at low resolution the LDL particle may be

approximated by a sphere with a diameter of about 200 AÊ . A

comparison of the particle and the unit-cell volumes shows

with high probability that there are four particles in the unit

cell. In space groups C222 or C2221 the only possibility for this

is to assume that the particle has an internal twofold symmetry

and that its centre occupies a special position on a dyad. This

does not agree with the fact that the LDL contains only one

molecule of apolipoprotein B, which does not possess exact

rotational symmetry. Nevertheless, such an approximation
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may be reasonable at low resolution, so that the possibility of a

C222 or C2221 space group was not rejected by this argument.

3.1. C222 group

The analysis of structure-factor magnitudes for 00l re¯ec-

tions (Table 3) suggests the presence of a screw axis. However,

the small number of the measured re¯ections does not allow a

de®nite conclusion to be drawn and the analysis of both space

groups C222 and C2221 is necessary.

In the C222 space group, a simple geometrical analysis of

the rotation axes reveals the only possible way to place four

spheres of 200 AÊ diameter in the LDL unit cell without

signi®cant overlapping of symmetry-linked particles. The

sphere centres should be placed at the point r1 = (0, 0, 1/4) and

the symmetry-related points {rj}. Naturally, the points linked

to them by an origin/enantiomorph transformation permitted

for this space group are also possible.

If the density distribution in the particle has an approximate

internal symmetry (e.g. spherical symmetry; see Appendix A

for a more general case), it is possible to express structure

factors as

F�h� ' Find�h�T�h�: �1�
Here, Find(h) are the structure factors corresponding to a

single particle placed at the origin and T(h) are trigonometric

structure factors de®ned by the particle packing

T�h� �Pn
j�1

exp�2�i�h; rj��: �2�

The summation in (2) is over all the particles present in the

unit cell. For the case considered above with r1 = (0, 0, 1/4),

r2 = (0, 0, ÿ1/4), r3 = (1/2, 1/2, 1/4) and r4 = (1/2, 1/2, ÿ1/4), the

trigonometric structure factors become

T�h� � 2f1 � exp��i�h � k��g�1 � exp�ÿ�il�� exp��il=2�: �3�
It follows that T(h) = 0 for all re¯ections with an odd l index

and the corresponding structure-factor magnitudes must be

close to zero,

F�h� ' 0 if l is odd: �4�

[We say that the magnitude is close to zero and not equal to it

because (1) is only an approximation.] The diffraction data do

not agree with the condition (4) (Table 4) and the hypothesis

about the C222 space group must be rejected.

3.2. C2221 group

In the C2221 space group two possibilities exist to place a

200 AÊ diameter sphere into the LDL unit cell without a

signi®cant overlapping of symmetry-linked particles. The

sphere centre can be placed either on the [x, 0, 0] axis or on the

[0, y, 1/4] axis. In the former case, the trigonometric structure

factors (2) for 0kl re¯ections are

T�0; k; l� � 2�1 � exp��il���1 � exp��ik��� �5�
and

F�0; k; l� ' 0 if l is odd: �6�
For the latter case, for h0l re¯ections we obtain

T�h; 0; l� � 2 exp��il=2��1 � exp��ih���1 � exp��il�� �7�
and

F�h; 0; l� ' 0 if l is odd: �8�
The diffraction data (Tables 5 and 6) do not ®t the condition

(5), while the condition (8) is satis®ed with reasonable accu-

racy.

The space group C2221 was chosen as the result of the

analysis performed and the position of the particle centre was

restricted to the [0, y, 1/4] axis. The determination of the co-

ordinate y is discussed below.

Table 2
Merging statistics in space group C2 for a native data set of a LDL-2
measured at ESRF beamline ID14-3.

Resolu-
tion (AÊ ) Observed Unique

Unique
(I > 3�)

Complete-
ness (%) I/�

Rmeas

(%)

Rmeas

(I > 3�)
(%)

100 89 22 22 95.6 44.7 4.4 4.4
60 459 65 64 100.0 44.9 5.0 5.0
50 525 63 61 100.0 31.8 8.2 8.2
40 1131 132 121 100.0 25.6 9.5 9.2
30 3165 358 269 99.7 10.9 26.3 21.5
27 853 238 62 100.0 2.4 49.7 26.8
15 13895 3784 63 94.4 0.8 114.5 27.5
Total 20094 4655 522 95.2 3.6 8.2 6.9

Table 3
Observed structure-factors magnitude for 00l re¯ections.

Even l Odd l

h k l Fobs �obs d h k l Fobs �obs d

0 0 2 950 68 190 0 0 3 13 3.8 126
0 0 4 356 5.6 95 0 0 5 3.5 1.2 76
0 0 6 176 2.6 63 0 0 7 6.8 2.1 54
0 0 8 73 1.2 47 0 0 9 3 1.1 42
0 0 10 27 0.81 38 0 0 11 2 1.2 34
0 0 12 8 0.99 3 0 0 13 2 1.2 29
0 0 14 3 1.6 27

Table 1
Merging statistics in space group C2221 for a native data set of a LDL-2
measured at ESRF beamline ID14-3.

Values were calculated using the program XSCALE of the XDS package
(Kabsch, 1993). Rmeas is the redundancy-independent R factor (Diederichs &
Karplus, 1997).

Resolu-
tion (AÊ ) Observed Unique

Unique
(I > 3�)

Complete-
ness (%) I/�

Rmeas

(%)

Rmeas

(I > 3�)
(%)

100 83 13 13 100.0 48.1 8.9 8.9
60 469 38 38 100.0 52.9 6.4 6.4
50 523 34 34 100.0 42.1 8.0 8.0
40 1124 73 70 100.0 33.3 9.3 9.1
30 3163 193 160 99.5 14.7 25.3 22.6
27 853 126 64 100.0 3.9 49.6 36.5
15 13890 1973 116 94.3 1.4 114.5 47.2
Total 20105 2447 346 95.2 5.1 9.3 8.5
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It may be noted that the given analyses of structure-factor

magnitudes was based on the approximate equation (1) valid

for pseudo-spherically symmetrical particles. Similar conclu-

sions may be obtained for isolated particles of a more general

shape (Appendix A).

3.3. The search for the position of the centre of the particle:
one-shell model

If the position of the centre of the particle is restricted to

the line [0, y, 1/4], then the trigonometric structure factors (2)

are

T�h� � T�h; k; l� �
4 cos�2�ky� for l � 4n

ÿ4 sin�2�ky� for l � 4n � 1

ÿ4 cos�2�ky� for l � 4n � 2

4 sin�2�ky� for l � 4n � 3,

8><
>: �9�

where n is an integer. Now suppose that the distribution of the

points of high electron density in the particle has a radial

symmetry and that these points are concentrated mostly at the

distance R from the particle centre (Fig. 1).

To be more precise, let the density distribution be

approximately

�ind�r� ' C
4�

B

� �3=2�
exp ÿ 4�2

B
�r ÿ R�2

� �

� exp ÿ 4�2

B
�r � R�2

� ��
: �10�

(The second term in this sum is small enough for the positive r

values, but allows calculations to be performed in the close

form.) In this case, the scattering by the electron density (10) is

Find�h� �
2

hj j
R1
0

r�ind�r� sin�2�jhjr� dr �11�

� 2C cos�2�jhjR� � 4�R

Bjhj sin�2�jhjR�
� �

exp ÿBjhj2
4

� �

so that

Fcalc�h; k; l� ' jFind�h�T�h�j

' jFind�h�j
j cos�2�ky�j for even l

j sin�2�ky�j for odd l.

�
�12�

The approximate value of the particle radius R ' 100 AÊ is

known experimentally, while the B value may be estimated

from the low-resolution Wilson plot as B = 15 000 AÊ 2. It is

reasonable to expect that the coordinate y of the particle

centre maximizes the correlation coef®cient

C �
P
h

�Fcalc�h� ÿ hFcalci��Fobs�h� ÿ hFobsi�
P
h

�Fcalc�h� ÿ hFcalci�2
� �1=2 P

h

�Fobs�h� ÿ hFobsi�2
� �1=2

�13�
for the observed structure-factor magnitudes and those

calculated by (11). Fig. 2 shows the dependence of the

correlation coef®cient value on the y coordinate of the particle

centre. The four peaks correspond to the particle-centre

positions linked by the space-group symmetries or by

permitted origin shifts. As the values of R and B chosen were

approximate values, the calculations were repeated varying

the value for R within the range 100±115 AÊ and the value for B

within the range 6000±20 000 AÊ 2, but this did not change the
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Table 4
Observed structure-factor magnitudes.

Even l Odd l

h k l Fobs �obs d h k l Fobs �obs d

0 2 0 437 11 208 0 2 1 784 30.1 182
0 0 2 950 68 190 1 1 1 576 8.4 151
1 1 0 332 4.6 165 0 2 3 228 2.8 108
0 2 2 168 1.9 140 1 3 1 16 0.30 106
1 1 2 117 1.1 125 1 1 3 195 1.5 100
1 3 0 70 1.0 110 0 4 1 290 3.9 100

Table 5
Observed structure-factor magnitudes for low-resolution 0kl re¯ections.

Even l Odd l

h k l Fobs �obs d h k l Fobs �obs d

0 2 2 168 1.9 140 0 2 3 228 2.8 108
0 4 0 159 3.3 104 0 4 1 290 3.9 100
0 4 2 139 1.5 91 0 4 3 139 1.7 80
0 2 4 136 1.6 86 0 2 5 54 0.60 71
0 4 4 51 0.50 70 0 4 5 117 1.3 61
0 2 6 68 7.9 60 0 2 7 16 0.53 52

Table 6
Observed structure-factor magnitudes for low-resolution h0l re¯ections.

Even l Odd l

h k l Fobs �obs d h k l Fobs �obs d

2 0 0 429 7.4 90 2 0 1 19 0.29 88
2 0 2 335 5.3 81 2 0 3 5.4 1.2 73
2 0 4 97 1.2 65 2 0 5 5.1 0.43 58
2 0 6 23 0.47 52 2 0 7 8.2 0.50 46
4 0 0 196 6.9 45 4 0 1 19 0.97 45
4 0 2 190 8.8 44 4 0 3 21 0.24 42
4 0 4 55 1.1 41 4 0 5 2.7 0.46 39

Figure 1
One-shell density distribution.
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optimal value y = 0.16. Maximal correlation was obtained for

R = 110 AÊ and B = 15 000 AÊ 2. The approximate equation

B ' 8�2a2 allows the width of the high-density layer to be

estimated to be 2a = 28 AÊ , which corresponds to the expected

value.

3.4. Three-shell model

The plot of the dependence of the magnitude correlation

coef®cient on radius of the shell R (Fig. 3) shows the presence

of additional maxima corresponding to R = 30 AÊ and R = 60 AÊ .

These maxima are separated from the R = 110 AÊ maximum by

a deep cleft. The presence of the maxima on the left agrees

with the hypothesis that the lowest density in the particle is

located in a shell; however, this shell is not an ideal one so the

peak splits into two maxima. The deep cleft might be inter-

preted as the existence of a spherical shell inside the particle

with either an almost equal ratio of high and low density or

®lled uniformly with the density close to the mean density

value in the crystal. The further studies con®rmed the latter

hypothesis (see Figs. 14 and 15 below).

The parameters of the shells of the lowest and highest

density may be re®ned if the calculated magnitudes are based

on a three-shell model composed of three Gaussian-type shells

(10). In this case,

Fcalc�h; k; l� ' 2C
P3

j�1

�jRj cos�2�jhjRj� �
4�Rj

Bjhj sin�2�jhjRj�
����

����
� exp ÿBjhj2

4

� � j cos�2�ky�j for even l,

j sin�2�ky�j for odd l,

�
�14�

where the weights �j may be positive or negative and their

magnitudes re¯ect the deviations of the density in the low-

density shell from the mean density for the crystal. If the

weight �1 for R1 = 110 AÊ is ®xed as 1, the maximization of the

correlation coef®cient (13) resulted in �2 = ÿ1.2 (R2 = 60 AÊ )

and �3 = ÿ0.4 (R3 = 30 AÊ ). The negative values of �2 and �3

show that the inner-shell mean densities deviate in the

opposite direction to the mean density in the crystal compared

with the mean density for the outer shell.

The three-shell model allowed the magnitude correlation

coef®cient to increase from 0.83 to 0.87 in the 27 AÊ resolution

zone in comparison with a single-shell model. At the same

time, this did not practically in¯uence the Fourier syntheses

calculated with the observed magnitudes and model phases.

The map correlation coef®cient (Lunin &

Woolfson, 1993) for one-shell and three-shell

phased syntheses is 0.97 in the entire 27 AÊ

resolution zone and 0.76 in the resolution

shell 30.0±27.0 AÊ . Fig. 4 represents the

three-shell phased synthesis.

It is worthy of note that while the phases

were calculated from the density distribution

possessing radial symmetry, the Fourier

synthesis does not reveal proper radial

symmetry. Rather, it shows the particle as

composed of layers separated along the x

axis. This effect of modulation along the x

axis follows from the anisotropy of the

diffraction ®eld as discussed in x4 and

Appendix B.

Figure 4
Three-shell phased Fourier synthesis for LDL particle (stereoview). High density is shown
in yellow and low density in blue.

Figure 2
The correlation (13) of the calculated (for R = 105 AÊ and B = 15 000 AÊ 2)
and observed magnitudes versus the y coordinate of the particle centre.
456 re¯ections in the 27 AÊ resolution zone were used. The position of four
maxima are linked by space-group symmetries and permitted origin shifts.

Figure 3
The correlation (13) of the calculated (with y = 0.16 and B = 15 000 AÊ 2)
and observed magnitudes versus radius R of the shell. 456 re¯ections in
the 27 AÊ resolution zone were used. The two main maxima at R = 30 AÊ

and R = 110 AÊ correspond to the shells of the lowest and highest density
in the particle.
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4. Intensity analysis: low-resolution projection of the
crystal structure

One consequence of the spherical symmetry of the LDL

particle would be the spherical symmetry of the corresponding

structure factors Find(h). These structure factors might be real

(as opposed to complex) numbers, with the magnitudes

depending on resolution d = sÿ1 only. As a consequence, the

plot of structure-factor magnitudes Find(h) versus s2 value

might be represented by a set of points distributed along a

smooth line. Fig. 5 shows a plot of lnF versus s2 for the

experimental data in the 30 AÊ resolution zone and does not

reveal a proper spherical symmetry for the observed magni-

tudes: magnitudes corresponding to close s2 values differ

signi®cantly. Nevertheless, some kind of waves may even be

seen in this picture when looking carefully. These waves may

be obtained more clearly for modi®ed magnitude values

corresponding to an isolated LDL particle rather than the

whole unit-cell content.

It follows from (1) that for particles possessing additional

internal symmetry (for example, spherical symmetry) the

structure factor corresponding to the individual particle

placed into the origin may be estimated as

Find�h� ' F�h�=T�h�: �15�

Fig. 6 presents the diagram corresponding to the structure-

factor magnitudes modi®ed in accordance with (15), assuming

the coordinates of the centre of an independent particle are

equal to (0.0, 0.16, 0.25). This diagram reveals more spherical

symmetry for the modi®ed structure-factor magnitudes Find(h)

than Fig. 5 does for the native F(h). Nevertheless, Fig. 6

suggests that the diagram consists of several curves shifted

along the s2 axis rather than of a single smooth curve, as would

be the case in the presence of the strong spherical symmetry in

Find(h) values. A possible explanation is the modulation of the

density distribution along the x axis (see Appendix B for

details).

Fig. 7 shows the diffraction pattern in the plane l = 0 of

reciprocal space. The essential feature of this image is a strong

anisotropy in the h direction. Such anisotropy might be a

result of a modulation of the density distribution along the x

axis

��x; y; z� � ��x��0�x; y; z�; �16�

where �0 is a smooth spherically symmetric distribution and �
is a function oscillating along the x axis (see Appendix B). As

another consequence of the modulation, each one of the

subsets of points in Fig. 6 corresponding to the planes de®ned

by a ®xed h index is close to a curve, but these curves are

shifted by different amounts for different values of h. These

diagrams calculated for several reciprocal-space planes (Fig. 8)

agree with the modulation hypothesis. One more con®rmation

of this hypothesis is the presence of parallel strips of high

density which are seen in electron-microscopic pictures

(Orlova et al., 1999).

Equation (15) and Fig. 8 suggest how to obtain the

projection of the density distribution along the x axis. Such a

projection
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Figure 5
Observed structure-factor magnitudes versus s2. Every point represents
an individual structure factor.

Figure 6
Observed structure-factor magnitudes modi®ed in accordance with (15)
plotted versus s2 value. Every point represents a structure factor.

Figure 7
Diffraction pattern in the plane l = 0 for the LDL crystal.
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�x�y; z� � R1
0

��x; y; z� dx �17�

may be calculated as the Fourier series restricted to F(0, k, l)

structure factors. If the approximation (1) is valid and the

position of a particle is known, then the problem of phasing

F(0, k, l) structure factors is reduced to the phasing of values

corresponding to one particle. On the other hand, Fig. 8

supports the idea that the corresponding structure factors

Find(0, k, l) are derived from a spherically symmetric particle

and thus have only a real part. Therefore, the problem of their

phasing is the problem of the choice of their sign. The points

where structure factors are expected to change their sign may

be determined from the diagram as those for which

Find(0, k, l) ' 0 (marked by arrows in Fig. 8). Fig. 9 shows the

projection �x(y, z) of the Fourier synthesis calculated with the

observed magnitudes and phases de®ned from (1).

5. FAM phasing

The few atoms model (FAM) approach was developed

recently (Lunin et al., 1995, 1998) for very low resolution ab

initio phasing. It consists of several steps:

(i) generation of a large number of models composed of a

few Gaussian spheres; random choice of sphere coordinates in

the whole unit cell in the ®rst step and in a current molecule

region in the next steps;

(ii) calculation of sets of structure-factor magnitudes and

phases for every generated model;

(iii) selection of the phase sets corresponding to FAMs

whose structure-factor magnitudes reveal good correlation

with the observed magnitudes;

(iv) separation of the selected phase sets into a few clusters;

(v) averaging phases inside every cluster.

The sets of cluster-average phases produce alternative solu-

tions for the phase problem. A simpli®ed approach which

could be applied at the ®rst stages of analysis is just to average

all selected variants. In the latter case, we are not faced with

the problem of chosing the best cluster, but the quality of the

resulting image would be diminished.

Application of this approach to such objects as the LDL

particle has a special feature. Owing to the presence of

compact regions both for high and low density, high correla-

tion values may be obtained for the blobs placed in any of

these regions. Thus, the set of permitted transformations

allowed in the map alignment process (Lunin & Lunina, 1996)

was extended by an additional degree of freedom, namely

density ¯ipping �(r) ! ÿ�(r). Fig. 10 shows the result of

averaging 100 maps at 80 AÊ resolution (24 independent

re¯ections) selected from 478 maps phased with randomly

generated two-sphere models. (Because of the eight symmetry

transformations in C2221 group and the four LDL particles

present in the unit cell, this means four pseudo-atoms per

LDL particle.) This synthesis reveals four

compact regions of the lowest density and

highly merged regions of highest density.

The centres of the lowest density regions

coincide with those obtained from packing

considerations (see x3). The further steps

were performed with an increasing number

of pseudo-atoms in FAM and an extension

of the resolution zone. At every step the

phases obtained previously were used

(together with observed magnitudes) to

de®ne the regions of highest and lowest

densities. Alternating from step to step,

one of these regions was ®lled by pseudo-

atoms placed at the grid point, while

another was used as a mask for random

atom generation. Table 7 presents the

phasing protocol.

The FAM phasing procedure has

resulted in phases reasonably close to

those obtained with the use of the three-

shell model (x4). The map correlation

coef®cients for these syntheses calculated

for different resolution zones are

Table 7
Protocol of FAM-based phasing.

Step
Resolution
(AÊ )

No. of
independent
FAM atoms

Fixed part
of FAM

No. of FAMs
generated

No. of selected
phase sets

1 80 2 No 478 100
2 60 4 High 955 100
3 60 4 Low 1297 100
4 40 8 High 670 100
5 40 8 Low 1351 100
6 30 16 High 1290 100
7 30 16 Low 2028 100

Figure 8
Observed structure-factor magnitudes modi®ed in accordance with (15) plotted versus s2 for
different planes h = constant in reciprocal space. Every point represents an individual structure
factor. Arrows at the left top ®gure (h = 0) indicate the points where Find(0, k, l) changes its sign.
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summarized in Table 8 and the corresponding syntheses are

shown in Fig. 11. The resulting FAM-phased synthesis is shown

in Fig. 12 and reveals a density pattern close to that obtained

by the methods given in x3 (see Fig. 9 for comparison). It must

be pointed out that the information about the number of

particles in the unit cell and about their positions was not used

in the FAM phasing procedure. Therefore, the results of the

FAM phasing con®rm the hypothesis about the special posi-

tion of this centre and the values of its coordinates.

6. Connectivity-based ab initio phasing for the LDL
particles

The property of connectivity of the regions of high electron

density in protein crystals was used for many years as a

qualitative criterion of the goodness of calculated electron-

density maps and was formalized by Baker et al. (1993) as a

quantitative criterion for high-resolution maps. Recently, this

idea was adapted to low-resolution ab initio phasing (Lunin et

al., 1999; Urzhumtsev et al., 2000) and the connectivity

criterion was included into the general `enriching' phasing

procedure as one of the selection criteria (Lunin, Lunina et al.,

2000).

The basic idea of the approach consists of the observation

that topological properties of regions of highest density values

in the Fourier synthesis map are different for properly phased

syntheses and for those calculated with random phases. Let

�(r) be a Fourier synthesis calculated with the observed

magnitudes and some phases. With this synthesis we associate

a high-density region, which is de®ned formally as a set of
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Figure 9
Density projection along x axes calculated at 27 AÊ resolution. Black
contours correspond to high-density values and grey contours to the
lowest electron-density values.

Figure 10
Fourier synthesis obtained after the ®rst step of the FAM procedure.
Black contours correspond to high-density region and grey contours to
low-density region.

Figure 11
Density projection along the x axis for a part of the unit cell for the FAM
phased (a) and the three-shell phased (b) unweighted Fourier syntheses
at 27 AÊ resolution.

Table 8
Map correlation coef®cients for FAM phased and three-shell phased
maps in different resolution zones.

Resolution 1±100 1±80 1±60 1±40 1±30

C' 0.81 0.71 0.70 0.65 0.64
No. of re¯ections 12 24 49 153 338
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points in the unit cell possessing the highest values of the

function �(r),


� � fr : ��r� � �g: �18�
When a low-resolution synthesis is calculated with the exact

phases, this region is expected to be composed of a small

number of compact `blobs' corresponding to independent

molecules. The number of these blobs is equal to the number

of molecules in the unit cell. The blob volumes are equal if all

molecules are linked by crystallographic symmetries or are

approximately equal if non-crystallographic symmetry is

present. On the other hand, the high-

density regions built with the use of

randomly phased syntheses are likely

to show in®nite merged regions or a

large number of `drops'.

The phasing procedure consists of

several steps. Firstly, a large number

of random phase sets are generated.

These phases are generated as

uniformly distributed phases (with

standard restrictions for centric

phases) at the beginning of the

procedure or in accordance with the

known phase distributions if such

information is already available.

Every phase set generated is used

together with the observed magni-

tudes to calculate the Fourier synth-

esis and to build the corresponding

high-density region. This region is

subjected to connectivity analysis in

order to determine the number of

separated connected components in

the unit cell and to calculate their

volumes. If the region consists of the

desired number of components, then

the phase set used is considered to be admissible and is stored

for further analysis. After a reasonable number of admissible

phase sets have been selected (about 100 variants in our

study), they are analysed by the cluster-analysis methods to

separate them into clusters of close phase sets. In every

isolated cluster, the phase sets are averaged for every re¯ec-

tion in order to produce the corresponding `best' phases

'best(h) and ®gures of merit m(h) which re¯ect the spread of

the corresponding phase in the cluster sets,

m�h� exp�i'best�h�� � 1

M

PM
j�1

exp�i'j�h��: �19�

Here, M is the number of phase sets in the cluster and 'j(h) is

the phase value of the structure factor with the index h in the

jth phase set selected. If several clusters were isolated, the

question may arise which cluster must be chosen for a further

analysis. We do not discuss how to make this choice, as this

problem did not occur in the LDL analysis.

Obviously the properties of 
� regions depend on the

chosen cutoff level �. Test calculations (Lunin, Lunina &

Urzhumtsev, 2000) have shown that a suitable choice is to use

the � value which results in a volume of 
� of about 25 AÊ 3 per

residue. The computer algorithm of the connectivity analysis

will be discussed elsewhere.

For LDL, there are some features which make it different

from a typical protein. First of all, the protein shell of the LDL

particle occupies a relatively small part of the unit cell. At the

same time, close contacts between protein molecules

belonging to different particles are expected because the

solvent content is low. This means that it is necessary to

Figure 12
FAM phased synthesis in the projection along the x axis. Black contours
correspond to the high-density region and grey contours to the low-
density region.

Table 9
Connectivity-based ab initio phasing for the LDL particles (space group C2).

A low-density region was de®ned as one containing those 10% points of the unit cell with lowest Fourier
synthesis values. A high-density region was de®ned as one containing those 10% points of the unit cell with
highest Fourier synthesis values. At all steps except the 12th, the blobs were required to have ®nite
dimensions.

Selection conditions

Step

Lowest density region
[four ®nite blobs
for every speci®ed
resolution (AÊ )]

High-density region (restrictions on
27 AÊ resolution Fourier synthesis)

Alignment
resolution (AÊ )

1 150 150
2 150 100 80 100
3 150 100 80 60 40 80
4 150 100 80 60 40 60
5 150 100 80 60 40 30 27 40
6 150 100 80 60 40 30 27 35
7 150 100 80 60 40 35 30 27 30
8 150 100 80 60 40 35 30 27 29
9 100 60 40 35 30 29 27 27
10 100 60 40 35 30 29 27 <20 blobs in whole 27
11 100 60 40 35 30 29 27 <16 blobs 27
12 100 20 4 equal largest domains; possibly in®nite 27
13 100 20 4 equal largest domains 27
14 100 20 4 equal largest domains; <20 blobs 27
15 100 20 4 equal largest domains; <16 blobs 27
16 100 20 4 equal largest domains; <12 blobs 27
17 100 20 4 equal largest domains; <8 blobs 27
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include a large number of re¯ections in the synthesis calcu-

lation in order to obtain separated protein regions for

different particles. This complicates starting the phasing, when

quite a small number of re¯ections could be involved in the

search. Another feature is the presence of a region with a level

of electron density lower than that of the solvent. Therefore,

one can expect that in the correct low-resolution synthesis the

regions of lowest values also consist of blobs and that the

number of such `negative' blobs is equal to the number of

particles in the unit cell. Furthermore, the inner cores are

separated in space much better than the protein shells, giving a

chance to see corresponding regions as being separated even

when a small number of very low resolution re¯ections is

phased successfully.

The phasing strategy is summarized in Table 9. We started

with the generation of uniformly distributed phases for seven

re¯ections in the 150 AÊ resolution zone. Those variants

resulting in four compact blobs of lowest density in a 150 AÊ

resolution Fourier synthesis were selected and averaged,

producing the start-phase values f'best
1 �h�g for the second step.

In the second and subsequent steps, the phases for acentric

re¯ections were generated as values distributed in accordance

with the Von Mizes distribution,

P�'� / exp�t cos�'ÿ 'best
jÿ1 ��; �20�

where f'best
jÿ1 �h�g are the average phases de®ned in the previous

cycle and the parameter t = t(h) is de®ned individually for

every re¯ection from the condition that the expected value of

cosine of phase deviation from the start phase is equal to the

corresponding ®gure of merit

hcos�'�h� ÿ 'best
jÿ1 �h��i � mjÿ1�h�: �21�

In a more explicit form this equation may be written as

I1�2t�h��
I0�2t�h�� � mjÿ1�h�; �22�

where I0 and I1 are the modi®ed Bessel functions. Centric

phases were generated randomly as 'best
jÿ1 �h�, with probability

0.5[1 + mj ÿ 1(h)], or alternatively as 'best
jÿ1 �h� + �. In the ®rst

cycle, the only selection criterion was the condition that low-

density regions obtained in a 150 AÊ resolution synthesis

consisted of four blobs of equal ®nite volumes. In further

cycles, additional restrictions were involved which required

the same property for regions obtained in the syntheses

calculated with the same phase sets but at different resolu-

tions. At every step, about 100 phase sets possessing the

desired topological properties were selected and averaged to

obtain the start phases for the next step. Optimal alignments in

accordance with the permitted origin shifts (Lunin & Lunina,

1996) were performed before averaging. The set of re¯ections

de®ning the alignment varied with the progress of the phasing

(Table 9). The cluster analysis usually revealed a single cluster

of phase sets with a few extra sets. Thus, the problem of the

choice of the best cluster did not appear in this investigation,

as has already been mentioned above.

Starting from cycle 10, additional requirements were

included which restricted the high-density regions obtained in

the 27 AÊ resolution syntheses. When starting from the set

'best
9 �h� we failed to generate even one phase set resulting in

the high-density region composed of four blobs only. There-

fore, the restrictions were formulated in a weaker form as the

condition that the number of blobs in the high density region

does not exceed a given limit. After two steps another

requirement was introduced: the high-density region must

contain four separated (and equal) largest blobs and any

number of smaller `drops'. The number of these additional

drops was also restricted during the last stages. The process

was completed with the search for the phases which result in

low- and high-density regions consisting of four blobs each.

Fig. 13 shows the result of the phasing, which is similar in

general to those obtained by other approaches (see x3 and x4
above and Fig. 11), but provides a more detailed picture.

The ®rst steps required relatively small CPU time and were

carried out on a PC with a Pentium II processor. When the

restrictions on the high-density region were involved, the CPU

time requirements grew signi®cantly. In the last stages of the

analysis, a specially developed computer program was used

which was run on a computer with a parallel architecture and

message-passing interface support.

The phasing procedure was performed both for the C2221

and the C2 space groups. A non-standard setting (C211,

unique axis a) was chosen for the C2 space group in order to

have it as a proper subgroup in C2221. Figs. 14 and 15 present

the results of phasing in the C2 space group. When compared

with Fig. 4, these ®gures show the loss of radial symmetry

inherent in the phases obtained with the use of three-shell

model (x3.4).

7. Discussion

The knowledge of the molecular structure of the LDL particle

is of great interest for medical investigations. Unfortunately,

currently available LDL crystals do not diffract at high reso-

lution and do not allow the application of standard crystallo-
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Figure 13
Density projection along the x axis for a part of the unit cell for
connectivity-phased Fourier synthesis at 27 AÊ resolution in the C2 space
group. The high-density region is shown.
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graphic techniques. Additional dif®culties arise owing to the

very dense crystal packing and to the presence of several

components with quite different mean densities. Thus, data

sets from LDL crystals constitute a challenge for ab initio

phasing methods. Several approaches reported in this article

have resulted in consistent electron-density maps. Analysis of

the low-resolution data from the LDL crystals demonstrates

the kind of information which can be obtained, even in quite

unfavourable conditions, of an extremely dense form of

macromolecular packing in the crystal.

These studies show the robustness of several general ab

initio phasing procedures. Such techniques as trigonometric

structure-factor analysis and modelling by spherical shells

were also ef®cient in this analysis; however, the results

obtained with the connectivity analysis were of superior

quality. These methods can similarly be applied in other

structural investigations.

The crystallographic analysis at its current stage essentially

provides the position of the particle in the crystal and some

very general features. The resulting overall shell structure of

the LDL particle is consistent with models obtained by small-

angle scattering. However, the electron density does not

show a radial symmetric particle but supports a particle with

a pseudo-cylindrical shape, in good agreement with the

electron-microscopy pictures obtained by van Antwerpen et

al. (1997) and Orlova et al. (1999). Both three-dimensional

structures correspond to a LDL particle with an ordered lipid

core, i.e. below the phase-transition temperature of the

cholesterol ester core. The distribution of electron-density

levels on the particle surface is asymmetric and regions of

highest electron density are interpreted as correlating with the

distribution of apoB. Areas of reduced (but still high) electron

density on the surface could correspond to the phospholipid

monolayer. The current resolution of the LDL complex does

not yet allow any structural detail at the level of the

secondary-structure elements to be seen. It must be noted too

that the obtained 27 AÊ resolution Fourier synthesis corre-

sponds to the electron-density distribution in the whole unit

cell. Not all closely contacted surfaces of symmetry-linked

particles may be separated unambiguously at this stage of the

study. Nevertheless, the electron density inside the particle

core shows layer-like structures of low density (Fig. 14) most

probably corresponding to the acyl chains of layers of

cholesterolester. We assume that these layers are formed

during the phase transition of the LDL core. To obtain addi-

tional information on the structure of the LDL particle at

physiological temperature, i.e. above the transition tempera-

ture, crystallization conditions at 310 K are currently being

established. Future studies will focus on

further analysis of the LDL data sets, the

mapping of certain epitopes on the LDL

particle by speci®c labels and on improving

the resolution of the crystals.

APPENDIX A
Structure factors for the particles
possessing internal symmetry

The structure factors corresponding to a

molecular crystal are de®ned both by the

distribution of the electron density in an

isolated molecule and by the arrangement of

molecules in the unit cell. In some cases, the

equations derived below permit an estimate of

the magnitudes of structure factors corre-

sponding to an isolated molecule starting from

the magnitudes observed for the whole crystal.

Let Find(h) be complex structure factors

corresponding to an isolated molecule with

the centre of gravity at the origin of the unit

cell, t0 be the position of the centre of gravity

of this molecule in the unit cell and

ÿ � f�R�; t��gn
��1 be the space group of the

crystal, where (R1, t1) stands for the identity

transformation. The structure factors corre-

sponding to the crystal structure are now

F�h� � Pn
��1

Find�RT
� h� exp�2�i�h;R�t0 � t���:

�23�

Figure 14
27 AÊ resolution crystallographic image of the LDL particle (stereoview) found ab initio
using the connectivity-based approach. Low density in the core is shown in blue and high
density is shown in yellow.

Figure 15
27 AÊ resolution crystallographic images of the LDL particle found ab initio using the
connectivity-based approach. Low density in the core is shown in blue and high density is
shown in yellow.
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To transform this equation we denote a� = Find�RT
� h�,

b� = exp[2�i(h, R�t0 + t�)],

Fave�h� �
1

n

Pn
��1

Find�RT
� h�; �24�

T�h� � Pn
��1

exp�2�i�R�t0 � t��� �25�

and apply the algebraic identity

Pn
��1

a�b� �
1

n

Pn
��1

a�

� � Pn
��1

b�

 !
� 1

n

Pn
��1

Pn
����1

�a� ÿ a���b� ÿ b��;

�26�

which can be veri®ed by inspection.

The result obtained is

F�h� � Fave�h�T�h� �
1

n

Pn
��1

Pn
����1

ÿ�Find�RT
� h� ÿ Find�RT

�h�� �27�

� fexp�2�i�h;R�t0 � t��� ÿ exp�2�i�h;R�t0 � t���g
�
:

If the electron-density distribution in an isolated molecule

possesses approximately the symmetry of the point group

fR�gn
��1, then Fave(h) ' Find(h) and the ®rst multipliers in the

double sum are small and the approximate equation may be

written as

Find�h� � F�h�=T�h�: �28�
The validity of this equation depends on the accuracy of the

internal symmetry of the molecule.

Obviously, not all re¯ections may be corrected by means of

(28), only those where T(h) 6� 0.

APPENDIX B
The anisotropy of the diffraction pattern for
periodically modulated density distributions

A very simple model of a density modulation enables an

explanation of some features of the diffraction pattern for the

LDL particle.

Let us suppose that the distribution of the electron density

in the particle under study may be approximately described as

��x; y; z� ' ��x��0�x; y; z�; �29�
where the function �0(x, y, z) is a smooth function possessing

spherical symmetry and

��x� � cos�2�mx� � 1
2 �exp�2�imx� � exp�ÿ2�imx��: �30�

Fig. 16 shows the effect of the modulation schematically.

The structure factors may be represented in this case as

F�h; k; l� � =��� � =��� � =��0�
� 1

2 ���h ÿ m; k; l� � ��h � m; k; l�� � =��0�
� 1

2 �F0�h ÿ m; k; l� � F0�h � m; k; l��: �31�
It follows from the last equation that for ®xed values of k and l

the structure factor F(h, k, l) will be enhanced in comparison

with the F(h, k, l) for relatively large h indexes and will be

weakened when h is small (Fig. 17). At the same time, the

structure-factor magnitudes fall at the usual rate with
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Figure 16
The effect of periodical modulation (equations 29 and 30) on two-
dimensional Gaussian distribution: (a) the Gaussian distribution �0(x, y);
(b) the modulated distribution �(x, y); (c) the Fourier transformation of
�0(x, y) distribution; (d) the Fourier transformation of the modulated
distribution.

Figure 17
Modulation (equations 29 and 30) of the electron density decreases structure-factor magnitudes for relatively small indexes h (a) and increases them for
large h (b). Structure factors corresponding to a one-dimensional Gaussian distribution are marked by triangles. The resulting magnitude values are
shown (c) by dots.
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increasing k and l values. This results in an anisotropy of the

distribution of magnitudes F(h, k, l) in reciprocal space: in

every resolution shell, the strongest re¯ections will be those

possessing the maximum h value possible for the particular

resolution shell. Fig. 16 shows the distribution of magnitudes

of structure factors for a two-dimensional example and Fig. 18

shows the effect of `leading' of re¯ections with the maximum

possible value for h indices over other re¯ections in corre-

sponding resolution shells.

While being extremely simple, these examples enable

qualitative explanation to be given of a possible source of

features of anisotropy of the diffraction pattern obtained for

the LDL particles. The comparison of the diffraction patterns

for the LDL (Fig. 7) with Fig. 15 and Fig. 6 with Fig. 18 shows

that the diffraction anomalies for the LDL may to some extent

be explained by possible modulation of the density distribu-

tion similar to (29 and 30) modulation.
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